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Abstract 

The different forms of the Hamiltonian formulations of linearized General Relativity/spin-two 
theories are discussed in order to show their similarities and differences. It is demonstrated that in 
the linear model, non-covariant modifications to the initial covariant Lagrangian (similar to those 
modifications used in full gravity) are in fact unnecessary. The Hamiltonians and the constraints 
are different in these two formulations but the structure of the constraint algebra and the gauge 
invariance derived from it are the same. It is shown that these equivalent Hamiltonian formulations 
are related to each other by a canonical transformation which is explicitly given. The relevance of 
these results to the full theory of General Relativity is briefly discussed. 
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I. INTRODUCTION 



Linearized Gravity is discussed in all books on General Relativity (GR) and its Hamilto- 
.an a.a.ys,s is *e .,,e. of ,na„y abides, fo. example flflflflffflflM. Howeve. w. 

return to this subject for three reasons. First of all, there are different Hamiltonian formu- 
lations of linearized GR but the relation among them has not been analyzed. As well, there 
also exist some points which are not discussed in the literature that should raise questions 
from outsiders to the field. Clarifying these points is our first, mainly pedagogical, goal. The 
second reason for our analysis is to understand the role that the linear approximation plays 
as a guide for the analysis of the full theory of GR. Finally, the third reason is to examine 
closely the custom in the Hamiltonian formulation of full GR of using some simplifications 
and a priori assumptions and to construct expected results instead of performing direct cal- 
culations without ad hoc modifications of the model. Investigating the linear approximation 
can provide insight on the assumptions and/or constructions used in the full theory of GR. 

The Hamiltonian formulation of linearized GR can be approached from two quite different 
directions. One originates from the well-known relation of linearized GR to spin-2 theory. 
For the purpose of this article we use term "spin-2" as a short name for the gauge theory 
of the massless non-interacting symmetric second rank tensor field. Another direction is to 
start from the Einstein-Hilbert (EH) action and linearize it. Both approaches produce the 
same result if one chooses certain values of parameters appearing in the most general spin- 
2 Lagrangian. In addition to these approaches, we also consider the modified Lagrangian 



which is the linearized version of 



Actually, this Lagrangian is more popular in the 
literature, however the need for such a modification as well as a comparison with results 
obtained before any modification have not been analyzed. 

II. LAGRANGIAN DENSITIES 
A. Spin-2 

We start from the action of a spin-2 field hajs = hp^ that can be built out of scalars which 
are quadratic in the derivatives hap^-y- A very good explanation of how to build this action 
can be found in Appendix A of Sj. The analysis shows that out of all possible combinations, 
there are only five distinct terms which are quadratic in derivatives. This can be presented 



in the following form: 



(1) 

where rj'^^ = diag{ — h + + ...) is the Minkowski tensor. 

The requirement that the field equations of ([T]) should be invariant under the following 
gauge transformation 



hap haf3 + ^Q,/3 + ^/3,a (2) 

puts severe restrictions on the parameters q, 

Cl = -C2 = 1, C3 + C4 = -C5 = 2. (3) 

Consequently, except for an overall scaling factor of ^ , we have a one parameter family of 
Lagrangians. Note that the difference between the two terms in ([1]) proportional to C3 and 
C4 is a total divergence, e.g. 

haPjph^Uj'f ho^fj -^h^y p -\- dp (/ia/s^/^j/,^) {haph^u^p) ■ (4) 

B. Linear approximation of GR 

We can start from the Einstein-Hilbert Lagrangian 



-'EH 



-gR. (5) 



Alternatively, by dropping a total divergence in the expression ([5]), and only considering the 



"gamma-gamma" part of Leh, one obtains 



11 



12 



^rr = V^g"-' in.T';^ - K^n,) = \^/^9B-'^'''''g.p,,gpu,p (6) 



where 



B^Pl^^up = g^Pg'ypg^''' - g'^^'g^'^g^P + 2^""/''^^'^ - 2g''^g^Pg''P . (7) 
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To find the linear approximation of tlie EH Lagrangian, we take g"'^ = r]"^ — and 
substitute tliis into ([5]), keeping only terms quadratic in tlie derivatives of /ia/s,^ and disregard 
a total divergence. We thus obtain 

Lun = ^Kp^-yh^^^p [r^'^Pr|^Pr]^''' - r^''^'r|^'''q^P + 2r/"''r^'3^77^'^ - 2r]'''^r]''^'r]''P) . (8) 

The most straightforward approach to the linearization of GR is to use Lrr applying 
the simple rules 

^"^^^"^ v^^l, 9ap^h^(3 (9) 

which immediately gives the Lagrangian of ([T]) with parameters satisfying ([3]) and C3 = 0. 
These terms directly follow from the EH action and after linearization we can do an 
integration by parts with two terms, in this order only. We note that by (jlj) the 
terms c^ha/s^'yhp^pr]"''^!]^'^'!]^^ and c^ha/s^'yhp^^p'q'^Pri'^'^rj^'^ are equivalent up to a surface 
term but this cannot be generalized to the corresponding terms in full GR, e.g. for 
C3^/^9a(3,'y9tMu,pg"'^9'^''g^'' and Ciy/^9aPn9tiu,p9''^g'^'' g^^ ■ 



C. Modifications 



In the literature on the Hamiltonian formulation of linearized GR, one can find a few 

n 

different initial Lagrangians with C3 = (e.g. [7]) or C4 = (e.g. [4^). It is perfectly correct 
to consider both cases for spin-2/linear approximation of GR but it is not clear why it is 
necessary to perform an additional integration by parts to set C4 = if direct linearization 
gives C3 = 0. What is not at all clear is the reason for requiring further modification of the 
covariant Lagrangian and to present it in non-covariant form "up to total space and time 
derivatives" or "after some rearrangements" 7, 8|. Of course, it is not difficult to restore 
these integrations once we know the final result. 

However, there is no justification for converting a covariant action into non-covariant 
form before starting the Hamiltonian procedure. In particular, it is not at all apparent why 
one would do this in the Hamiltonian formulation of linearized GR/spin-2. Here we can only 
guess answers to the above questions. This non-covariant modification of the action is likely 
related to Dirac's work on the Hamiltonian formulation of full GR which came before 
the weak approximation. Dirac explained that the reason for this modification is to simplify 



the primary constraints. However, he warned that this simphfication "force one to abandon 
;he four- dimensional symmetry". This change in the Lagrangian occurs in equation (15) of 

3: 



T* 



7rr 



y J ,0 



^ + 



(10) 



,k 



Note that here and everywhere we have chosen the opposite sign to Dirac because we use 



the definition of L in 
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12|. 



The last two non-covariant terms in fllUp do not affect the equations of motion and 
simplify the primary constraints (see next Section) because they eliminate terms linear in 
the velocities go^fl. In the linearized case (which can be obtained by linearization of ffTOl) or 
by linearization of the general result of Dirac's (see equation (17) of 10|) these two terms 
become 



1 



(11) 



2 L U,K ' p,U U,/C U,U uujfu u,u p,/ 

Equation (fTTj) in combination with Lrr, leads to a cancellation of some terms that are 
linear in the velocities, and results in Dirac's Lagrangian as used in jl, 7, 8| 



L nil 



Dirac{lin) 



lh%h„,o - iK^ohlo + K,o<k - h":oK,k + lhoo,k {h% - r^'^J + (12) 

r)"'0,k"'Op r)"'0,k"'0,p' A"'p,k"'q a"- ,k"'pq ' r,"' ,k"'p,q r)"',k"'q,p- 



Later we will demonstrate explicitly that it is not necessary to make this non-covariant 
modification in the Hamiltonian formulation of linearized Gravity. Then the relevant discus- 
sion about the necessity of this modification for full GR will be presented in the Discussion 
Section. 
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III. HAMILTONIAN 



A. Non-covariant case 



The method used here was developed by Dirac 13| and below we briefly summarize the 



main steps of his method. Introducing the momenta conjugate to h 



flU- 



gives the primary constraints 

= pOM ^ 0, (14) 



and an equation for p 



kn 



Solving ( |T5i) for the velocities gives 

2 

hknfl = 2pA:n " (1—2 ^^"^"^ ~'~ ^0^'" ~'~ ^On,fc- (16) 

The factor of {d — 2) appearing in the denominator reflects the fact that (fTS!) cannot be 
solved for a velocity in two dimensions. The treatment of 2D linearized gravity appears in 
the following Subsection. 

Substituting velocities from (fT6|) into the Lagrangian (fT2l) . we obtain the canonical Hamil- 
tonian 



- \K,khf + \hZK' - \hl + \h'\hl^ (17) 
and the total Hamiltonian 



HriDirac) — Hc^Dirac) + hQ^cjP^ . (18) 
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Direct calculation of the Hamiltonian f|T7j) results in two additional terms, hF^^h^'^ and 
~K),p^o,ky tiut since these two terms can be expressed as a total derivative, we do not include 
them in the Hamiltonian. 

With the fundamental Poisson brackets (PB) defined as 



the conservation of primary f|T^ constraints results in the secondary constraints 



-^''-^-'',Hr} = l{h'^;-hl';)^r, (19) 



0°" = {0°",//t}=p"J (20) 

All constraints have vanishing PB among themselves, so all of them are first class (FC) 
at this stage of the Dirac procedure. To verify the closure of the Dirac procedure we have to 
consider the time development of the secondary constraints to check whether they produce 
any new constraints. We find 

/° = Hr} = X?, X'"" = {x'\ Ht} = 0, (21) 

so, no new constraints appear and the Dirac procedure closes with 2d FC constraints {d > 2). 
Counting the degrees of freedom gives, for example, in the d = 4 case: 10 {variables h^y) — 
8 [FC constraints) = 2, as is expected for the massless spin-2 system. 

Now, from our knowledge of the FC constraints, we can find the gauge transformations 
by using the procedure of Castellani [l4|. The gauge generators are of the form: 



G(o) = + j («0°° + «n0°") d'^-'x, (22) 



X. 



The coefficients a and (3 can be found from the conditions [l^ : 

G'(o) = {G'(o),//} = -x°rn + «X°° + anX°" = a = 0, a„ = 

G[J,) = {G[J,),//} = + /?V° + /?X°" = r = /? = 0. (23) 
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The total gauge generator is 



J d'-'x {sox'' - ^O,n0°" - + enX°" - ^n^^") , (24) 

where is the gauge parameter. It is easy to show that the PB of two generators is zero 
since PBs among all FC constraints are zero. Now we can find the gauge transformations of 
the canonical variables hp^^ and p'^": 

Shfj_i, = {G (e:^, e.y) , h^^} = - (e^ + 8^,^) , (25) 

Sp'' = Sp'' = 0, Sp'- = \ [e^'- - rt'-e^l) (26) 

which give S}(^- = Sp'\ = and Sx" = 0. It is straightforward to verify that these gauge 
transformations keep the Lagrangian invariant up to a total derivative. Note that the final 
expression ( |25ll has four- dimensional symmetry and Dirac's statement about "abandoning 
four- dimensional symmetry" is restricted to only his modification of the Lagrangian which 
initially possesses this four-dimensional symmetry. 

In 2D, Dirac's modified Lagrangian LDirac{Hn) vanishes, so we can say that the th eory 



is meaningless in 2D or, using the words of Jackiw, "it cannot even be formulated" |15 |. 
However, from the fact that the modified Lagrangian is zero, it does not follow that the 
EH Lagrangian is meaningless in 2D. It follows that the non-covariant modification of ( fTOjl 
should not be performed because it eliminates the essential contributions of the original 
Lagrangian. In contrast, if we do not modify the Lagrangian, then the Hamiltonian analysis 
gives consistent results in both the linearized (see next Subsection) and the non-linearized 
2D cases ll6|,|li- 



B. Covariant case 



We redo the Hamiltonian formulation for the massless spin-2 field, but now use the 
covariant form ([T]) subject to ([3]). To be able to compare with the results of others, and 
to see what effects (if any) the presence of a free parameter following from the relation 
C3 + C4 = 2 has, we perform our calculations using the most general covariant Lagrangian: 
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Introducing momenta conjugate to hy^^: 



= ^ (28) 



results in the primary constraints 



r = - ^ (1 - C3) (29) 

Note, that in the covariant case the maximum simphfication of the primary constraints 
follows from C3 = 1, so that one constraint becomes 7r°° ^ 0. However, we cannot do this in 
the full GR Lagrangian without destroying the symmetry of d-dimensional spacetime. 

From tt'^" = one obtains 

<J"fcn,0 

^kn ^ 1 {2r^kn-^pfi - 2/i'="'0 + C4 + - 2?7^"/iPy . (31) 

Solving (15Ti) for the velocities produces the following equation 

2 1 C4 

/lfcn,0 = 27rfe„ - J^VknT^p + (1 " C4) VknK^p + y (/lofe,n + ^On,fc) ■ (32) 

Once again, the factor {d — 2) appears in the denominator of some of the terms in the 
right-hand side of (1321) . 

Substituting the velocities from (l32l) into the Lagrangian ( |27|) one obtains the canonical 
Hamiltonian 

1 1 „ 

Tj ^knl, T „k„n „k^n ^ ^nr^Ok ^^kj^On , 



1 - C4 (1 - C4)^ 



4(d-2) 



+ I ^ + T ) + ( ^ - ^ 1 (33) 
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1 _ k \_^j,n ,p.k l,n hP^k _C3, ,n,kp _C4 p,k, ,n 1 , p ,nk 

2 ""00 [f^k,n Ki,k) ^'''n,k'^p +^"'p,fc"'n' ^'^pn''',k 4 " pk + 2 P'^ 

and the total Hamiltonian 

Ht = H, + (34) 



Setting C3 = and C4 = 2 in ( ]33ll leaves us with a couple more terms than in the 
non-covariant case of f[T7|) . more specifically: 

TT TT _ ^ ^ki^On _ 1 f _ n\ i^Ok i^On 

J^c{covariant, C3=0) J^c{Dirac) ~ ^_ 2^ 4\rf — 2 J ,n 

where a total derivative has again been omitted. 
With the fundamental PB defined as 

the conservation of primary constraints in time gives the secondary constraints 

r = {r,M = ^(^K-^S)-X°°, (35) 

= Hr] = vrl + - jKt - (36) 

Note that in the covariant case, even for linearized gravity, depends on the spatial 
derivatives of hok- 

All constraints have zero PBs among themselves, so all of them are first class (FC) at 
this stage of the Dirac procedure. It is easy to verify that no new constraints appear: 

= {/°, Hr] = x% = Hr} = 0. (37) 

This gives the same constraint structure and the number of degrees of freedom as in 
the non-covariant case (!2Tll despite the difference in the expressions of the primary and 
secondary constraints. 

From the FC constraints, we can once again find the gauge transformations using the 
Castellani procedure, described in the previous Subsection. 
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The total gauge generator can be calculated as in (12^ . except that the constraints are now 
given by fl29l) . fl30l) . fl35|) . and fl36|) . Nevertheless, it produces the same gauge transformations 
for h„ 



while for tt'^'^ it gives 



e^OO "^3 C4 / »j I ^ ^ r^Ofe "^3 C4 gfc , ^4 „^ ''3 fc,n /qoN 
= (eo,n +^n,0 = g ^0 + .n " ,n , (38) 



It is straightforward to verify that these gauge transformations as in the non-covariant 
case leave all constraints unchanged and the Lagrangian invariant up to a total derivative: 



When d = 2, the original Lagrangian of (1271) is drastically simplified (note, if C4 = 2, 
this Lagrangian can be obtained from the 2D Lagrangian given in |l6| by applying the 
substitution of ([9]) to Lrr): 

= — ^ — (^11,1^01,0 ~ ^01,1^11,0 + ^00,1^01,0 ~ ^01,1^00,0) ■ (39) 

This expression is linear in the velocities, so no velocity can be eliminated using equations 
of motion. The momenta conjugate to /iqo, ^11, and /loi give three primary constraints: 



r = vr°^ - {hn,i + Vi) ■ 

The PBs among these constraints are all zero, and their time development does not 
produce any new constraints. Therefore the Dirac procedure closes with three FC primary 
constraints, so that there are zero degrees of freedom in 2D. The canonical Hamiltonian is 
zero and the total Hamiltonian is then just a linear combination of primary constraints: 



Ht = Ki^r"- (41) 
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The gauge generator is simplified as well 



G = J dx (£oo0°° + 2£oi0°' + (42) 
which results in the following gauge transformations of the canonical variables 

Shf^i, = Sf,^, (43) 

57r°° = ^vr" = -^i^eoi,!, ^vr^^ = (^00,1 + ^11,1) • (44) 

One should note that the gauge transformations of h^i, are exactly the same as were 
obtained for the full (not linearized) "gamma-gamma" part of the EH Lagrangian in [l^ 
and for the full EH Lagrangian using the Ostrogradsky procedure in p/7(]. These gauge 
transformations are consistent with the triviality of the Einstein equations in 2D. (In [l6| it 
is pointed out that in gauge in which goi 7^ 0, the EH action in 2D is not merely a surface 
term) . 

The gauge transformations of h^i, of ( H3l) leave the Lagrangian invariant up to a total 
derivative, which can be cast in a covariant form 

where e"^ = — e'^". 

It is easy to check that 6<f)'^'^ = and SHt = under these gauge transformations. 

We note that if 03 = 04 = 1, then the Lagrangian ( l39l) is zero, and therefore in this case 
there is no Hamiltonian formulation. These values of C3 and C4 are only possible in linearized 
GR. The full GR in covariant form requires C3 = and C4 = 2 as was mentioned above. 



IV. EQUIVALENCE 

The equivalence of different formulations of linearized GR/spin-2 considered in previous 
Sections can be discussed for Lagrangians and the corresponding Hamiltonians. At La- 
grangian level this equivalence is quite obvious because the parameters of covariant spin-2 
Lagrangian ([T]) were found from the condition of invariance given in (l2l) and two terms pro- 
portional to C3 and C4 are equivalent up to total divergences of (jll) and do not affect the 
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equations of motion. Dirac's non-covariant modification in (fTO!) differs from ([8]) by non- 
covariant integrations, however, the Dirac Lagrangian also leads to the same equations of 
motion. We thus can conclude that both Lagrangians are equivalent. 

The demonstration of equivalence for the Hamiltonian formulations in the covariant and 
modified by Dirac cases is a little bit more involved and worth discussing in some detail. We 
have found, that despite having different primary and secondary constraints and different 
expressions for the canonical Hamiltonians, the PBs among the constraints and constraints 
with the Hamiltonian have the same structure for both formulations (see fl2Tl) . (1371) ). The 
Castellani procedure leads to the same gauge transformations for both formulations. 



From ordinary classical mechanics [18|] it is known that performing canonical transforma- 
tions from one set of variables to another leads to equivalent Hamiltonian formulations. Let 
us try to find such transformations between the covariant {h,n) variables and the {h,p) of 
Dirac's formulation. The change of the momenta is quite obvious 

/° = - ^^h% (45) 

For the space-space components of the momenta one can try to obtain such relations by com- 
paring expressions for the corresponding velocities ( flTB]) and fl521) ) in the two formulations 
which gives 

= + I + H'--^) - IrMr, (47) 

Generalized coordinates are treated in the same way in both formulations, so we have the 
following transformations 

p°/3=p-/5(^M-,/i^^), h^f, = h^f,. (48) 
To check whether this change in variables is canonical, one has to calculate the following 



PB (l8| 



{ v>p"^}p,. = { v.p"^ (^'^^ V)}.,. = ^f. (49) 

and 
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{P^'^P''],,u = {P^'^P''].,H = ^^ (50) 

{hal3, h^u}^ f^ = {hai3, h^,^}^^^ = 0. (51) 

Equation (15T]) is obviously satisfied by (148!) . and equations (l49l) and (!50!) can be shown 
to be satisfied after a short calculation. For Hamiltonian formulations of non-singular La- 
grangians demonstrating ( H9l) - (l5Tl) would be enough to prove that the two Hamiltonians are 
equivalent. For singular models, this is only a necessary condition. To show equivalence 
for the case of two Hamiltonian formulations of a gauge invariant Lagrangian, we must also 
demonstrate that the whole algebra of constraints is preserved because the whole algebra 
is needed to find the generator of gauge transformations. Let us check this requirement 
and substitute the inverse of (l48l) . vr"^ = vr"^ {p'^'^ , h^j^^), into the total Hamiltonian in the 
covariant formulation of ( IMI) 

Ht (tt^^ V; C3, C4) = + (tt^'", h^p, c,, c,) = 

- + \h'\,K, - I V ''h'',, - jh^\, + \h^\,hl^. (52) 

With C3 = (c4 = 2) we recover the Hamiltonian of Dirac f|T8|) that was obtained by 
non-covariant modification of the Lagrangian of linearized GR. In fact, according to (l52l) . 
similar modifications in the linearized GR/spin-2 case can be made for all possible values of 
parameters satisfying 03 + 04 = 2. Hence, the Hamiltonian formulations that generate the 
same gauge transformations are related by canonical transformations that also must preserve 
the whole algebra of constraints, although the expressions of constraints themselves might 
change. 

We will now briefly comment on similar relations in 2D. In this case, we consider the 
following change of variables, using (HOl) . 

00 00 I '^3 ~ C4 , 11 11 I '^3 ~ C4 01 '^3 ~ C4 . 

P = TT H ^ — ^oi,n P = H ^ — /ioi,i) P =7r 1 — (/iii,i + Vi)- (53) 
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which satisfy the conditions (H9i) - (l5T!) . Substitution of (153|) into (HT]) gives 

^T = Aoo/° + 2Aoi/^ + W- (54) 

We thus see that using the Castellani procedure, one finds the same gauge transformations 
as in ( H3l) . So, keeping the 2D Lagrangian ( l39l) as it is and performing canonical transfor- 
mations at the Hamiltonian level we have another consistent Hamiltonian formulation of 
linearized GR in 2D (with simple constraints). This is different from the case of Dirac's 
modifications which were performed at the Lagrangian level and led to disappearance of the 
Lagrangian in 2D. One may say that 2D GR makes no sense and that discussing its Hamil- 
tonian formulation without modifications of the Lagrangian is meaningless [isl]. However, 
exactly opposite is correct and without non-covariant modifications of the Lagrangian we 
have meaningful Hamiltonian formulation of 2D GR. 

In the covariant case we have one value of parameters (cs = C4 = 1) that also leads to 
complete disappearance of the Lagrangian, but we can pick these values of the parameters 
only in the linearized EH action. For full GR only one value is permissible, C4 = 2, if one is 
to keep covariance. 

A possible objection against our result for the Hamiltonian formulation of 2D GR is 
that it does not produce the "expected" gauge invariance, diffeomorphism. However, in 
2D it is not possible to obtain diffeomorphism as a gauge symmetry. This conclusion can 
be drawn from a simple consideration: to "construct" diffeomorphism, using the Castellani 
procedure, we have to have d primary and d secondary FC constraints, which in 2D means 
we need four FC constraints. However, in 2D a metric tensor has only three independent 
components and the usual counting of degrees of freedom will give minus one, meaning 
that the system is overconstrainted, and non-physical. We think that the effect of any non- 
covariant modification of the EH Lagrangian should be investigated in all dimensions for 
full GR as well as the canonical transformations (if any) among different sets of variables 
used in the Hamiltonian formulations of GR. 



V. DISCUSSION 



We now consider the conclusions that can be drawn about the Hamiltonian formulation 



of full GR based on an analysis of the linearized models. Carmeli 12] says: "our experience 
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shows that solutions of the hnearized equations may bear httle or no relation to solutions of 
the rigorous equations" ; and later: "One should therefore in no way consider the linearized 
theory as being a substitute to the full theory" . Consequently, using the Hamiltonian formu- 
lation of linearized GR as a guide has to be done cautiously. First of all, there are well-known 
differences between the Hamiltonian formulations of linearized and full GR. In particular, 
contrary to the linearized case, the Hamiltonian of full GR is proportional to secondary 
constraints [l^ , the algebra of the secondary constraints has field-dependent structure func- 
tions, and the equations of motion are invariant under diffeomorphism transformation only 
"on-shell". Secondly, it is impossible to compare the Hamiltonian formulation of full GR 
with the results presented here for another reason: the restoration of gauge invariance in the 



19j which 



0(1 which corresponds 
2011 which is based on 



Hamiltonian formulation of full GR was considered neither in the formulation of 
corresponds to the covariant linearized case nor in the formulation of 
to the non-covariant linearized case. Third, for the ADM formulation 
a change of variables (from the components gofi to the lapse and shifts functions) it is not 
clear how linearization can even be performed (in [21!] the linearized version of GR was dis- 
cussed using the metric tensor, not the ADM variables). In addition, the ADM formulation 
(the only one in which a restoration of gauge invariance from the complete set of first class 
constraints has even been considered), does not lead to the expected diffeomorphism invari- 



ance as it was recently demonstrated in 



22l | using a method 



23| different from Castellani's. 



The result of 22] is the most complete one in the literature but it is not new and has been 



discussed in part previously in l4], 2J]. Almost immediately after the appearance of 22|, 
the restoration of gauge transformations in GR was considered by Samanta 25|] using the 
Lagrangian approach of 26|]. This method indeed leads to the diffeomorphism invariance. 

With these observations (and Carmeli's warning) we see that it is not easy to draw con- 
clusions about the full theory of GR. However, looking at the general results obtained in 
linearized GR we can still make some conjectures. The Hamiltonian formulation of gauge 
invariant theories allows one to restore gauge symmetry. Diffeomorphism invariance was ob- 
tained by Samanta in the Lagrangian approach. Thus, considering the covariant formulation 



of 



19| we can expect the restoration of this symmetry as well. Secondly, the Hamiltonian 



formulation of full GR which is based on the Dirac modifications which we have consid- 
ered in the linearized case does not affect the equations of motion and consequently has to 
give the same transformations as those that occur in the covariant case. In addition, as 
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it was discussed in the previous Section, these two formulations must be connected by a 
canonical transformation. Of course, as in the linearized case, the explicit expressions for 
the constraints in terms of fields should be different but their PB algebra has to be pre- 
served in order that the gauge transformations be the same. It is important to note that 
our expressions for constraints in the covariant linear case, both primary (129]) and secondary 
(136|) . depend on the space-time components hok- Since the treatment of full GR has to keep 
the linearized limit intact, we have to have such contributions, gok, in the corresponding 
constraints of full GR theory and their disappearance in [l^ is not a general property of 
the Hamiltonian formulation of GR but rather the result of the non-covariant modification 
of the initial Lagrangian. The explicit dependance of secondary constraints on qq^ for the 
Hamiltonian formulation of full GR 19] is demonstrated in j^^]- 

Moreover, if equivalent Hamiltonian formulations leading to the same gauge invariance 
are connected by canonical transformations, then it is natural to expect the converse to 
be true. If we have different gauge transformations in different approaches, then the fields 
appearing in the Hamiltonians of these approaches are not related by a canonical transfor- 
mation. A Hamiltonian that does not lead to diffeomorphism invariance is built on non- 
canonical variables which destroy the equivalence and such a formulation is not a canonical 
formulation of GR. This is what we can expect for the ADM formulation because the gauge 
transformations that follow from the ADM Hamiltonian are not a diffeomorphism. Without 
performing a change of variables the diffeomorphism invariance is derivable 27| from the 
constraint structure of the Hamiltonian formulation of full (non-linearized) GR [191]. 

The distinction between the Hamiltonian formulation of full and linearized GR and our 
conjectures about different formulations of full GR are under investigation. Our results will 
be published elsewhere. 
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